IITEIIITIOIAL HIUIIIL OF

SOLIDS a
STHIIGTIIIIES

www.elsevier.com/locate/ijsolstr

PERGAMON International Journal of Solids and Structures 39 (2002) 5851-5863

Energy approach to a linearization contact problem of
simply supported cross-ply laminated composite plate

WeiPing Hu, Xing Zhang *, QingChun Meng

Department of Flight Vehicle Design, Beijing University of Aeronautics and Astronautics, Division 508, Beijing 100083, China
Received 12 January 2001; received in revised form 18 April 2002

Abstract

The nonlinear contact problem of laminated composite plate is linearized by inverse method, i.e. the contact zone and
the loading distribution with adjustable parameter on contact zone are assumed to be given to solve the curvature of
indenter—a rigid sphere. By means of the principle of superposition, the loading state is decomposed into symmetric
state and antisymmetric state. The antisymmetric state is decomposed further to obtain simpler loading state for analysis.
The Fourier series and Legendre series are applied to describing the displacement field of contact loading states, and the
principle of minimum potential energy is used to determine the unknown coefficients of the above series. Then the
displacement and stress fields of the laminated composite plate are known. The adjustable parameter of loading dis-
tribution is used to satisfy the compatibility conditions of displacements along the contact surface. By the way the
indenter curvature is determined. Then, a series of curves can be figured out after the operation with definite steps. Be
based on these curves, the contact zones can be determined from known indenter curvature and the loading. In addition,
the glue layers are considered completely the same as other composite plies in this analysis. From the computational
results, it can be shown that the displacements and stresses converge very well, and the distributions of shearing and
normal stresses obtained from constitutive equation and from equilibrium equation agree with each other very well.
© 2002 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Contact analysis is a difficult task in solid mechanics for its nonlinearity, especially in analysis of
composite structures. The classical contact theory—Hertz formula (Hertz, 1881) is based upon assumption
of semi-infinite plane or space. Whereas the thickness dimension of each layer in general composite
structures are finite comparing with the dimensions of contact zone. Finite element method (Mahajan,
1998; Varadi et al., 1999) and boundary element method (Simunovic and Srdan, 1992), which always lead
to a large number of degrees of freedom especially in three-dimensional analysis, are used to solve contact
problem. Other various methods (see e.g. Ahmadi et al., 1983; Keer and Miller, 1983; Sankar, 1989; Wu
and Yen, 1994) are applied by using approximate or exact Green’s function. These methods are complex for
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solving the nonlinear problem straightly, moreover, the thickness and rigidity of glue layers are assumed to
be zero and infinite respectively. However, in analysis of damage mechanics of composite structures, it is
very important to know the damage coupled distribution of stresses of glue layers, because many composite
structures are failed from the delamination cracks created by shearing stress or normal stress on the in-
terface between glue layer and composite ply. Interface constitutive laws have been mainly used in the study
of contact problems, fracture mechanics for concrete, adhesive films, homogeneized behavior of composite
and of composite delamination. The use of interface models in the analysis of composite delamination has
been proposed by Allix (1989), and developed in Allix et al. (1991), Ladeveze (1992), Allix and Ladeveze
(1992). In these works the schematization of the laminated proposed by Ladeveze is used. In this paper the
thickness and rigidity of glue layers are considered completely the same as other composite plies. To
simplify the analysis, the generalized parabolic pressure distribution with an adjustable parameter is applied
to simulating the actual pressure distribution. To avoid the complexity of nonlinear problem, inverse
method is applied, namely the loading distribution with adjustable parameter and contact zone are assumed
to be known and the curvature of indenter is to be solved. In this paper, to consider the analysis of del-
amination damage and fatigue life prediction further, energy method is applied instead of exact solution
(Pagano, 1970). The results show the displacements and stresses converge very well, further more, the
distribution of shearing stresses and normal stress obtained from constitutive equation agree with that
obtained from equilibrium equation very well.

2. The decomposition of loading state

Figs. 1 and 2 show a symmetrically laminated composite plate of simple supports pressed by a rigid
sphere at the mid-point of upper surface. The curvature of rigid sphere is .
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Fig. 1. The original loading state of laminated composite plate.
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Fig. 2. A laminated composite plate with an indention of elliptic projection.
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Fig. 3. The symmetric loading state (o).
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Fig. 4. The antisymmetric loading state (f).
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Fig. 5. The additional loading state (y).

The loading state is decomposed into symmetric state and antisymmetric state. According to the prin-
ciple of Sanit-Venant, the symmetric state can be simplified as the symmetric state (a) further, which is

shown in Fig. 3. Similarly, the antisymmetric state can be decomposed into the antisymmetric loading state
(p) and the additional loading state (y) further, which are shown in Figs. 4 and 5 respectively.

3. The analysis of the symmetric loading state
3.1. The further simplification for the mechanics model of symmetric loading state

The dimensions of contact zone and the plate thickness are very small in comparison with the width and
length of laminated plate. Then the stress field of plate under the above symmetric loading has obvious local
effects. According to Saint—Venant’s principle, the analysis is only needed in the internal part of plate and
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the external part can be considered as stress free. The loading state of internal square part with span /

determined from Saint—Venant’s principle is shown in Fig. 3.

3.2. Displacements field

The laminated plate is subjected to transverse load that is symmetrical about x-axis, y-axis and z-axis.
So, w is the even function of x and y, while the odd function of z, and u is the odd function of x, while the
even function of y and z, and v is the odd function of y, while the even function of x and z. Then the
displacement field can be described as follows

wh(x,y,2) = 32, Confn (01 (9)8,(2)

u(k) (x,y,Z) = ijlp mnpsm( )ﬁ? (y)tp(Z) (1)
O x,3,2) = 2 Bl (6)52(0)1(2)
where m,n,p=1,2,3,..., is the code of each function term in series; k is the sequence number of every

composite ply or glue layer and it has the same meaning in following equations; 4*
unknown generalized displacements; and

L) = (=1 cos (2’"1_ ! nx) sn(x) = (=1)"sin (2’”1_ ! nx)

), and C%) are the

mnp’

£) = (=1)"* cos (2”; 1ny) 5u3) = (~1)"sin (2”,‘ 1ny)

&) =Py 1< )= Zzzp ] 2p—(z4i)1)2(12p3)21—1)!(z>2p2i1

#le) = Pz”( ) Z2zp212p14p2)-2(lzp4>212)!(%)2p2i2

where, P(z/h) is the Legendre function.

3.3. The distribution of contact pressure

The distribution of contact pressure on the upper surface can be expressed by following function:

_W] xeQ, me2,4,6,.. ] (2)

= A= 7] 1
0 x & Q

where py is the maximum pressure intensity, @ and b are the semi-major axis and semi-minor axis of contact
area respectively, m is defined as loading exponent determined by the compatibility conditions of dis-
placements within the contact surface in Section 6. Q denotes the contact zone. From Eq. (2), the rela-
tionship between total load P and maximum pressure intensity p, can be expressed by following function:
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P:8apr/Ol /Om<1—(x)’”) 1_L_ dxdy (3)

(Vi-@)
where, x = x/a, y = y/b.
The contact load can be expanded by Fourier series:

— ;p,,m(x,y)(_n’"“ cos (2’"1_ ! nx> (=1)""" cos ( 2n 1_ ! ny) (4)

where
Viea? 2m — 1 2n—1
Do (X, ) 12/ / y)(—l)'”+1 cos( ml nx)(—l)””cos( nl ny> dxdy
x/a

3.4. Energy-method

, and C ®) 'in Eq. (1) will be determined by the principle of

mnp? mnp

Now, the generalized displacements A%)
minimum potential energy.
The strain energy of laminated plate can be obtained from the following equation

| o U2 opie
U;U,‘zka/zﬁ/ / ® drdydz (5)

—1/2 J-1)2

The constitutive relations of kth arbitrary composite ply or glue layer can be expressed as:

sy (oY of of o of oF7] (e

o of 0F of o o o ||&h
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The geometry equation of kth ply or layer is

a1 (a“f‘k) Lo ) )
Yoo oy Oy

From Egs. (1) and (5)—(7), the strain energy of kth ply or layer in composite laminate can be expressed as

(k) — (k)
U Skmnpzjq mnp qu + Skmnpzjq mnp l/q + Skmnpzjq mnp z/q

mn.pii.j.q m,n.pii.j.q mn.pii.j.q

Z (BA) ) Z (BB) Z (BC) pk) b

+ Skmnpzjq mnp l/q + Skmnpzjq mnp qu + Skmnpzjq mnp z/q
mnp,ijq map.ijq mnpiijq

2 : (C4) z : (CB) k) 2 : (CC) (k)

+ Skmnpl/q mn pq + Skmnpl/q mnp qu + Skmnptjq mnp qu (8)
m,n.p,i.j.q mn.p,i.j.q mn.p.i.j.q
AB AC cc . .
where S“ suB - gUo) S are known coefficients determined from Eqgs. (1), (5)-(7).

kﬂlnpz]q7 kmnpijq> = kmnpijg> * * 0 X kmnpijq



5856 W. Hu et al. | International Journal of Solids and Structures 39 (2002) 5851-5863

The potential energy of external force can be expressed as

x/a 1/2 h li ]
:—2/ / plx,y) - whm) (x, y h dxdy—Z/ / ax<—,y,z)~u(—,y,z>dzdy
by/1-(x/a)? ) ( ) —1/2 J—h 2 2
/2 l 12 h l Z
_2/ / Txy<_7yaz>'U<_7y7z>d2dy_2/ / sz<_7yaz>'w(_ay7z)d2dy
—1)2 2 _12 2
12 / / 1/2 Ji
—2/ / rw(< - >-u(x,—,z)dzdx—2/ / 01< >~v<x,—,z>dzdx
—1/2 2 —1/2 2
/2 ] /
—2/ / ‘E}Z< = > ~w(x,,z>dzdx 9)
—1/2 2
where k. 18 the sequence number of the outmost composite ply.
On the interface between the kth layer and the k& + 1th layer, the conditions of continuity must be

satisfied by the displacement and surface force. So an additional term should be included in the functional
of total potential energy as

l\.)
I\JIN

)z

Jlkk+1) _ / [(u(/m) — u®)e®) g (D) = 00 4 (D) W(k))o_gk)} ds* (10)
5

Be based on the principle of multi-zone generalized potential energy, we have

Kimax Kmax —1
61‘[:8{<ZU(")+ > J<k~k+‘>> +V} =0 (11)
k=1 k=1

According to Eq. (11), a system of equations about generalized displacements Amn , and ch , can be
obtained as follows

70 (k) _
Zkl Jq kmnptjq qu + Zk;/q kmnpqu z/q + Zlm Jq kmnpzjq ’ Cijq =0

785) 789 (k) _

Zkz/q knznpzjq qu + Zkz/q kmnpijq I]q + Zk ij,q kmnpqu Cqu =0 (12)
CB) CC)

Zkl] q kmnpl/q tjq + Zk ij.q kmnpz]q qu + Zk g kmnpl/q Ctjq ka”[’

(k=1,2,... kmdx, mi=1273....M, n,j=1,273,....N, pg=1,2,3,... NP).
Then Amnp, mn and ch ), can be determined by solvmg above system of equations. The displacement
components, strain and stress components are determined also. M, N are given by Eq. (4) and NP will be

determined by convergence test of stress components.

4. The analysis of the antisymmetric loading state
4.1. The further simplification for the mechanical model of antisymmetric loading state

Then we discuss the stress field of plate under the antisymmetric loading. According to the Saint—
Venant’s principle, the analysis is only needed in the internal part of plate and the external part can be
analyzed in classical laminated composite plate theory. Further more, in the contact effect zone, the anti-
symmetric loading can be decomposed into the loading state of simply supported plate shown in Fig. 4 and
the additional loading state with boundary conditions of static force shown in Fig. 5.
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4.2. The solutions for the antisymmetric loading state (f§)

In displacement field expressions of this loading state, all the functions except for #,(z) and g,(z), which
are expressed in Eq. (13), are the same with Eq. (1)

- 2\ —1 (—1) (4p—2i—4)! 2\ 2p—2i-2
gp(z) = Pz;;—z(z) - f:o 2221 (2p— ip2) 2p—2i-2)! (Z)
(4p—2i-2 z\2p—2i-1
() Py 1( ) 21022P1|2p1p1)(2p)21 1)1(%)

To solve the unknown generalized displacements in the displacement field expression of this loading
state, it is just needed to take the same steps that have been done in Section 3.

(13)

4.3. The solutions for the additional loading state (y)

In the additional loading state shown in Fig. 5, the plate is subjected to the symmetrical static force on
every boundary. The classical laminated plate theory is used and the displacement field can be described as
follows

W= T Co[c0s (22 72x) cos (2 my) + cos (2L m) + cos (2L

!
u=—z=3,, Cu(¥n)sin (2 nx) [cos (2rtmy) +1] -z (14)
v = %"z:zma,,n(z”ll m)[cos (2L mx) + 1] sin (2 )z
where, m,n =1,2,3,..., is the sequence number of each function term in series. C,, is the unknown

generalized displacement.

The force on the boundaries is the difference between two states. One state is the stress solutions on the
boundary sections of Saint—Venant’s zone from solving the original plate of simple supports subjected to
the concentrated force on it’s center point, and the other state is the stress solutions on the boundaries of
plate (the span of which is the same with that of Saint—Venant’s zone) from solving the loading state which
is same as the one shown in Fig. 4 expect that it is subjected to the concentrated load instead of distributive
one on it’s center point. These two states of stress solutions can be obtained straightly from Levy’s solu-
tions. Then the principle of minimum potential energy is used to determine the generalized displacement
C,.. in Eq. (14).

5. Equations of displacement compatibility in the contact zone

Due to the high rigidity of the metallic sphere in comparison with the composite laminated plate, the
contact sphere is assumed to be a rigid body. Furthermore, for the simplicity of analysis, the equations of
displacement compatibility are established along the major and minor axis of the elliptical contact zone, on
the basis of the least-square method. Then the following quantity and equation will be introduced,

A =4+ 4
= /0 {(W(O,o,h) —w(x,0,h)) — %sz}zdx + /Ob {(W(O,O,h) —w(0,y,h)) — %KyZ}Zdy (15)
o4 1

a b a b
TZE(aS—i—bS)K—i—/ W(0,0,h)xzdx—l—/ w(0,0,h)yzdy—/ w(x,O,h)xzdx—/ w(0,y,h)y*dy =0
0 0 0 0
(16)



5858 W. Hu et al. | International Journal of Solids and Structures 39 (2002) 5851-5863

where w(0, 0, /) is the deflection of plate at the mid-point of the contact zone, w(x, 0, #) and w(0, y, 4) are the
deflections of plate at the arbitrary points along x-axis and y-axis respectively in contact zone, k is the
curvature of the rigid sphere. Then m in Eq. (2), the corresponding value of x and the ratio a/b between
semi-major axis a and semi-minor axis b are determined by the minimum condition of Eq. (15). This
minimum condition can be considered as the equation of displacement compatibility in the contact zone in
the sense of least-square method.

6. The solution of inverse method for contact problem

The solution of the contact problem is performed by inverse method, on the basis of the analysis given
above, through the following procedure:

(a) give a total load P;

(b) give a sequence of value m;

(c) for each value of m give a series of value b/h;

(d) for each value of b/h give a series of value a/b;

(e) establish the relationship between curvature x of sphere and a/b by means of the minimum condition of
A for each m and a series of value b/h;

(f) on the basis of above relationship, draw a family of curves of 4 — a/b, for each m and a series of value
b/h;

(g) determine the sequence of a/b and the corresponding curvature x obtained by the minimum condition
of A from the above family of curves for the given values of b/A. That is to say, a set of known P and
b/h determine an unique value a/b and the corresponding curvature k;

(h) draw the curve P — x under different b/5;

(i) based on the fact that P is in direct proportion to the x under a given contact zone, simplify the above
curves into the form of curve about relationship between b/h and P/xk.

So the contact zone can be determined from the above curves in practical application. Further, the
displacement and stress fields are determined also. Figs. 12-15 are the typical examples of above curves
used to determine the contact zone.

7. Example

To verify the availability of above method, a typical example is presented.
The plate is an orthotropic laminated plate. The constants of each composite ply are given as
El = E(), E2 = 0.3E0, E3 = 0.6E0, G12 = 016E07 G13 = 0.3E0, G23 = 0.2Ev07
U, =03, u;=03 uy=03.
The length, width and height of original plate are L1 = 50k, L2 = 40h and H = 2k respectively. The
composite laminates are symmetrical about x-axis and y-axis. The sequence of laminate angle is 0°/90°/0°.
The thickness of each composite laminate is 0.48754/0.975h/0.4875h. The thickness of each glue layer is

0.025h.
The glue layer is isotropic and the material constants are given as

Ey = 0.021E, p, = 0.30.
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The convergence tests of deflection and stresses of the plate and curvature of the rigid sphere

5859

NP w(0,0,h)/h hic (0,0, h)/Eq 7,(0,0,h)/E, 0.(0,0h) /E, 1,(1/4,1/4,2))/Ey
1 ~5.64419E-03 2.79185E-02 ~8.72581E-04 -5.47431E-04  0.00000E + 00 ~2.36667E-06
2 -6.80141E-03 4.78470E—02 ~4.87995E-03 -2.97110E-03  —1.37227E-03 3.17970E-05
3 ~7.08910E-03 5.16275E-02 ~6.24200E-03 -3.65161E-03  —5.78324E—03 2.66613E—-05
4 ~7.23713E-03 5.38969E—-02 ~6.52268E-03 ~3.58604E-03  —6.64762E—03 2.65833E-05
5 ~7.24583E-03 5.37297E-02 ~6.10267E-03 -330684E-03  —6.05526E—-03 2.65859E-05
6 ~7.24509E-03 5.35982E—02 ~6.11963E-03 -339118E-03  —5.35307E—03 2.65868E—05
7 ~7.24530E-03 5.35914E-02 ~6.08061E-03 -337749E-03  —5.58899E-03 2.65871E-05
8 ~7.24542E-03 5.35945E-02 ~6.10598E-03 -3.40124E-03  —5.52380E—03 2.65871E—05
9 ~7.24544E-03 5.35951E-02 -6.09652E-03 -339349E-03  —5.58922E-03 2.65871E-05
10 —7.24545E-03 5.35951E-02 ~6.10018E-03 -339657E-03  —5.56567E—03 2.65870E—05

Note: z; = 0.4875h.

—H— sigmal (xz)
—>— sigma2(xz)
—&A— sigmal(yz)
—+— sigma2(yz)

0.0E+00 1.0E-04 2.0E-04 3.0E-04 4.0E-04 5.0E-04 6.0E-04

G6/Eo

Fig. 6. The distribution of shearing stresses on the section of (//40, //40,z) in symmetric loading state.
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—>X— a-sigma2(xz)
—4A—a-sigmal(yz)
—+—a-sigma2(yz)

G /Eo

1.0E-04 2.0E-04 3.0E-04 4.0E-04 5.0E-04 6.0E-04

Fig. 7. The distribution of shearing stresses on the section of (//40,//40,z) in antisymmetric loading state.
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ro.9
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ro.7z
ro.6 o
-
ro.s N
—8B— sigmal(xz) [ 04
—>— sigma2(xz) ro0.3
—&A— sigmal(yz) Lo
—+— sigma2(yz) :
ro.1
® 0
-5.0E-06 -4.0E-06 -3.0E-06 -2.0E-06 -1.0E-06 0.0E+00

G/Eo

Fig. 8. The distribution of shearing stresses on the section of (//4,//4,z) in symmetric loading state.

—H8— a-sigmal (x2)
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—+— a-sigma2(yz)
0.7 1
0.6 [
<
= L
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0.1 1
0 KA
0.0E+00 1.0E-05 2.0E-05 3.0E-05 4.0E-05 5.0E-05 6.0E-05

G/Eo

Fig. 9. The distribution of shearing stresses on the section of (//4,//4,z) in antisymmetric loading state.

The total external loading is P = 1.0e — 3Eyh’. The parameters of contact zone are given as b = 0.34 and
a/b =0.9. The span of square Saint—Venant’s effective zone / = 16b.

The convergence tests of deflection, stress of plate and the curvature of sphere are shown in Table 1.

The distributions of stresses can be obtained also. They are shown in Figs. 6-11. ! In these figures, the
distributions of shearing and normal stresses obtained from constitutive equation and from equilibrium
equation nearly coincide with each other.

! Note: In Figs. 6 and 8, “sigmal(xz)” and “sigma2(xz)” denote the 7. obtained from the constitutive equation and from the
equilibrium equation respectively in the symmetric loading state. In Figs. 7 and 9, “a-sigmal(xz)”” and “‘a-sigma2(xz)” denote the t,,
obtained from the constitutive equation and from the equilibrium equation respectively in the antisymmetric loading state. The
meanings of other denotations can be deduced from above rule.
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—8B—sigmal (z)
—X%— sigma2(z)

—4A— a-sigmal(z)
—+—a-sigma2(z)

-3.0E- -2.5E- -2.0E- -1.5E- -1.0E- -5.0E- 0.0E+00
03 03 03 03 03 04

G/Eo

Fig. 10. The distribution of normal stress on the section of (0,0,z) in symmetric and antisymmetric loading states.

1
’ —8B—sigmal(z)
0.9 —>— sigma2(z)
0.8 1 —&A—a-sigmal(z)
—+—a-sigma2(z)
0.7 [
0.6
<
~ L
N 0.5
0.4
0.3
0.2 [
0.1
0
0.0E+00 5.0E-07 1.0E-06 1.5E-06 2.0E-06 2.5E-06 3.0E-06

6 /Eo

Fig. 11. The distribution of normal stress on the section of (//4,//4,z) in symmetric and antisymmetric loading states.

1.20E-05 1

—e—b=0.5h
1.00E-05 | * ®—Db=0.52n /<
: —4—b=0.54n

\ ——b=0.58h

8.00E-06 [ b=0.60n
—0—b=0.62n

o
&5 6.00E-06 [
4.00E-06 [

2.00E-06 [

L L L L s

0.00E+00
7.50E-01  8.00E-01  8.50E-01  9.00E-01  9.50E-01  1.00E+00  1.05E+00

a/b

Fig. 12. A-a/b curves under different b.
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5.00E-03 [ e—b=0.5n
—&—Db=0.52h
4.50E-03 [ —A&—Db=0.54h
—%—Db=0.56h
4,00E-03 —¥—Db=0.58n
—@—b=0.6h
3.506-03 ‘\‘\‘\‘\‘\‘\»\‘\‘\‘ —+—b=0.6%

<
<
3.00E-03 [
2.50E-03 [ N
2.00E-03 * * * * * !
7.50E-01  8.00E-01  8.50E-01  9.00E-01  9.50E-01  1.00E+00  1.05E+00
a/b
Fig. 13. k—a/b curves under different b.
0.016 [ [—¢—b=0.5n
00w | |—=—Dp=0.52n
—a—Db=0.54n
0.012 [ |—*—b=0.56h
—%— b=0.58h
0.01 —e—b=0.60h
< —+—b=0.62h
0.008 [
0.006 [
0.004 [
0.002 [
0 . . . . . )
0 0.0002  0.0004  0.0006  0.0008 0.001 0.0012
PIEN
Fig. 14. x—P curves under different b.
7.00E-01
6.50E-01 [
6.00E-01 [
< F
S 5.50E-01
5.00E-01 [
4.50E-01
4.00E-01 * * * * * '
0.04 0.06 0.08 0.1 0.12 0.14 0.16

P/x/Eoh

Fig. 15. b—P/k curve obtained by inverse method.
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For the simplicity of the analysis, the value of 7 is assumed to have been determined in the example. The
Figs. 12-15 are the curves obtained from the procedure in Section 6. Finally the contact zone can be de-
termined from the Figs 12 and 15 under the given total load P and the curvature k of rigid sphere.

8. Conclusion
From above analysis, it can be concluded that:

(1) The nonlinear contact problem of laminated composite plate is linearized by inverse method, that is to
say, the loading distribution and contact zone are assumed to be given firstly, and the curvature of rigid
sphere is to be solved under compatibility conditions of displacements within the contact surface.

(2) The original problem is simplified by means of the principle of superposition and that of Saint—Venant.
Each decomposed loading state can be solved in simpler way.

(3) The Fourier series and Legendre series are applied to describe the displacement fields of two loading
states needed to be analyzed in contact problem, and the principle of multi-zone generalized potential
energy are used to determine the unknown generalized displacements. The additional loading state can
be analyzed in terms of classical laminated plate theory. Then the displacement and stress fields of the
laminated composite plate are solved.

(4) From the computational results, it can be shown that the distributions of shearing and normal stresses
obtained from constitutive equation and from equilibrium equation agree with each other very well.

(5) Through the inverse method, the contact zone can be determined from the known indenter curvature
and the total load.

(6) This model can be applied to damage analysis of delaminated failure.
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